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_ad«bezuavax{°Cpsd²­rt_azªpxtdc°xsrhzªphrt
d¯o3dyx{zbedcuruCvbdcxtzªyŁŁ}n>rt_adx{x{dcpt°uoz}uar¬È³5Ł}dy±dyŁÁŁx{zµr{_ab ÉGF 3Łx{zµr{_abQÊ
ubextd
zr8¬zrt_«rt_d®xtz}z}uŁr¬®³´Łdc±dcŁCŁx{zµr{_ab\É H 'bedcdrt_q°ÊÂ¾­Äaozrtz}uŁŁ}n±HxtzªuCrz}p­Ł}ptuŁ}nq¸ydc
ÉIoŁ}x{zrt_abQÊÂ¾JIÁpr{Łnopsbdd¯o3dyx{zbedyuCrp®xtdb+od¬zµr{_"uauaŁ}z}uadcx®cptdqu>u@Łx{zµr{_ab
u°Ł}vprtert_dËoÄl>bedrt_qÀ¾
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"#GÁJ8"Syﬁ,-8./0!
Sd@Æax{zd
TnzuCrtx{oovyd+rt_ad@uar'rtz}u°px{dyŁª'rtd~rtWr{_ad@Æ°ptz}+beoodcŁax{ÆaŁ}dyb/¾L^
_ad>ps_°d@rtLÆ3d
artz}bz}¸yd~"z}podyuartd~
γ
u/abzr{phuWuŁnCr{z}cŁGx{dyax{dcptdyuCr{rtz}u
y(x)
¾Èx{x{dcpt°uoz}uaŁ}nqr{_ad
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r{xtdr0pt_3dÃz}pod
:uad~>Æqn
y¯(x)
¾^
_dx{zµr{dyx{zuQrt+Æ3dbezuzbez}¸ydc"zªp®rt_adÃ²·ŁŁ}'¬z}ua
J(γ) =
∫
γ
1
2
(y(x)− y¯(x))2dx , ÉHÊ
¨ ²rt_adpt_3dcpxtdÃz±dyu/Ô®wc¸yz}dyxx{bdyrtx{z}x{dyax{dcptdyuCr{rtz}uÀCr{_ad²·vaurtz}u
y(x)
ÉJu/uŁ³
vptŁ}n
y¯(x)
Êz}pod
:uad~>z}beaŁ}z}yzµr{Łn>ÆCnQrt_adx{bedrtdcxtz}¸crtz}u


x(t) =
n∑
k=0
Bkn(t) xk
y(t) =
n∑
k=0
Bkn(t) yk
É5Ê
¬_adcxtd
Bkn(t) = C
k
n t
k 91− t)n−k zªp0eÔ®dyx{upr{dyz}u>3Ł}nquabezªŁG²odcx{dyd n ¾
^
_adqx{oz}urtdcp®²r{_adur{xtŁI°zuCr{pxtdpsrtxtd~@z}u@r¬®e±d~Ârtx{pﬀ
X = {xk } Y = { yk } É5Ê
^
_ad±d~Ârtx
X
zªpÃodcptz}urtdcphrt_ad9%ﬂﬁﬃ ﬃ 8²­r{_ad«°xbedr{dyx{z¸~'rtz}uÁ¾
¨
rÃz}p_adcŁ} :a¯odcavaxtz}ua
rt_dQzµr{dyx'r{zuÀuoyypsz}u°Ł}ŁnaartdcÇr{Wzbeax{'±drt_d@cvaxyn©¹ ½5¾/^
_adQ±dcrtx
Y
zªpr{_ad
±d~Âr{x­², %Aﬃ.N	!"! 3(C%Â¾^
_qvpcr{_adhx{zrtdyx{z}ueyu+Æ3d0±qz}dy¬®dcepS²·vuÂr{zu+²À :uazrtd0uqvab«Æ°dcx
²8±'x{z}ÆaŁ}dcpﬀ
J(Y ) =
∫
γ
1
2
(
Bn(t)
T (Y − Y¯ )
)2
nBn−1(t)
T ∆X0dt .
É·qÊ
¬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Bn(t)
T =
(
B1n(t), B
2
n(t), ..., B
n
n(t)
)
É5»Ê
u°
∆
zªprt_dQÆ=q¬
xq³ÅozA@Idyx{dyu°d3dyx'rtxc¾>ËaxÃr{_adQvauzµ²·xtb ypsdÁ¬®d =Cu'¬r{_'r
x0(t)′ =
nBn−1(t)
T ∆X0 = 1
au>rt_dd¯oax{dcp{psz}u>²Ár{_adx{zrtdyx{z}u/psz}beaŁz4:d~p®rt
J(Y ) =
∫
γ
1
2
(
Bn(t)
T (Y − Y¯ )
)2
dt .
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¨
uÃrt_z}pxtdc°xsr~c¬®dyuptz}adyxÀr¬®³´Ł}dy±dcŁŁ}xtzrt_bepÀÆptdcuuadcpsrtd~psva°xsrpS¹ ½°¹¼H½op{ptqyz}rtd~
¬zrt_> :uadÃu@Cxpsdpsva°xsrpÈptv_+r{_'rÔ®wy¸yz}dyx®vax{±d~px{dyxtd~psdcur{dceu+rt_adÃCxpsd0ptvaa3xtr
yuWÆ°dx{dyax{dcptdyuCrtd~"d¯artŁ}n>uWrt_ad :uadpsva°xsrhÆqnWodcx{dyddyŁ}dy±'rtz}uÀ¾h^
_dÆpszªzrtdyx'r{zuWu
rt_d :uad+Ł}dy±dcŁ0É·z}uvaxdy¯q3dyx{z}bdcuCrcÁ¬®d+_aqptd
n = 8
ÊzªpÃrt_adQp{bed²·xŁŁ­vaxŁ}xtzrt_bepc¾
¨
r
zªp % #ﬃ % , %
( 
x$%! .3
   
&!>aŁz}dc©rtÇrt_adWpsr{'r{zux{zrnÇd~|v°'rtz}uÁ¾©^
_ad"azA@Idyx{dyuCr
±'x{z}uCr{p­oz4@3dcxz}uert_adh¬®Hnrt_adhyx{ptd³´xbedyrtdyx{z}¸c'r{zuxtx{dcrtz}uzµr{dyx'rtz}uezªpSod
:uadcÀ¾Suer{_ad
:uadŁ}dy±dyŁ'
J ′(Y ) = AY − b , É5Ê
(*)U+(-,
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_adcxtdrt_dbertx{zµ¯
A =
∫ 1
0
Bn(t)Bn(t)
T dt = { 1
2n + 1
CinC
j
n
Ci+j2n
} . ÉJÊ
u°Qr{_adxtz}_Crt³5_u"pszªodÃz}prt_adP=qua'¬u>±dcrtx
b = AY¯ .
É;Ê
ËaxŁ}Łar{_ad0bedr{_aoapÈurt_ad :uad0Ł}dy±dyŁ5¬®d0vptd
rt_adh²·Ł}Ł'¬z}uayŁ}ptptz}cŁapsrtdcdy3dcpsrs³ÅodcydyuCrzrtdyx'r{zu
Y j+1 = Y j − ρ(AY j − b) , É~Ê
_adcxtd
j = 0, 1, 2, · · ·  Y 0 zªp«z}±dcu©zuzµr{z}Ł®vadcp{pcSu¿¬®d>ptptvabed>r j = K ¬Èd"Æar{z}u¿r{_ad
±'Ł}vadcp
Y K
u :uadŁ}dy±dyŁ5Gu/>o'¬u/r{>CxpsdŁ}dy±dyŁrt>be.=dptbedyx{xtd~Âr{zup0ptQrt_°'rhr{_ad
axtH¯oz}b+'rtz}u°pÈcu/uq±dyx{d²Ûpsrtdyx
r{_u>rt_dpsz}uaŁ}dÃxbedyrtdyx{z}¸c'r{zu>aax{_Á¾
SdÃcuWod~be3ptdb+rtx{zµ¯
A
z}uCrt
A = ΩnΛnΩ
T
n ,
É~Ê
¨
uÇrt_adQozªuŁ8bertx{zµ¯
Λn
Áx{dcŁ8°Cpszrtz}±dedyz}dcuq±HŁvdcpÃx{dxtxudcLzuz}ux{dcpsz}ua@x{adyx~Àu
rt_dbertx{zµ¯>²dczdyuq±d~Âr{xp
Ωn
z}p0xtrt_au°Ł'
ΩnΩ
T
n = Ω
T
n Ωn = I .
ÉHÊ
^
_qvpcqrt_ad*:xpsrhŁ}vabeu"±dcrtx{p®²
Ωn
xtdr{_adbepsr
CptyzŁ}Łª'rtxtn¾
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′
xtdv°psd~Wrt/odcuar{d|Cvur{zµr{zd~pptptozª'r{dc/¬zrt_Çrt_adeCxpsd°xbed³
rtdcxtz}¸crtz}u"Łdc±dcŁJ¾
¨
u"vaxdy¯q3dyx{z}bdcuCr{pco¬ÈdÃ_H±dv°psd~
n′ = 4
u"rt_adyx{ptdcpsrÈŁ}dy±dyŁ'
J(Y ′) =
∫
γ
1
2
(
Bn(t)
T (Yk + E
n
n′Y
′ − Y¯ )
)2
dt .
É-5Ê
IÀdyr
Y = Yk − Y¯︸ ︷︷ ︸
:uady³5Ł}dy±dyŁ
odc±qz}rtz}u
²·x{b r{x{dyr
+ Enn′Y
′︸ ︷︷ ︸
dy¯Cr{x{°Ł}rtd~
Cxpsdy³5Ł}dy±dyŁ
xtx{dcrtz}u
ÉcCÊ
¬_adcxtd
Yk
zªpr{_ad@dcu¿x{dcptvaŁµr«²rt_d@ax{dy±qz}vp*:°uad³´Łdc±dcŁzrtdyx'r{zuÀ­u
Enn′
zªpr{_ad@x{dcr{uvaŁªx
b+'r{xtz¯x{dyax{dcptdyuCrtz}ua@rt_ad+dcŁdc±Hrtz}uÇ²®adyx{dyd«²·x{b
n′
r{
n
À_adyx{devptdcpÃ>rtxups²·dyxÃ3dyx'r{x
²·x{b yxptdhr{&:°uadxbedyrtdyx{z}¸c'r{zu
Enn′ = E
n
n−1 ... E
n′+2
n′+1 E
n′+1
n′
ÉH»Ê
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f0rtdÃr{_'r
Enn′
_p
n + 1
x{'¬0p
u
n′ + 1
Łvabeupc¾Èlq3dcyzA:3yŁ}Ł}noz}uWvaxdy¯q3dyx{z}bdcuCr{p
¬®d_°H±d
vptdc 
E84 = E
8
7 E
7
6 E
6
5 E
5
4 ,
É~Ê
Ëax{b&iL'r{xtz¯ ®ŁªvŁvpco¬®d =qua'¬]rt_r
∂J(Y ′)
∂Y ′
=
∂Y
∂Y ′
∂J(Y ′)
∂Y
.
É'Ê
^
_adcxtdy²·x{d 
∂Y
∂Y ′
= (Enn′ )
T ,
É~Ê
u°
∂J(Y ′)
∂Y
= A(Yk + E
n
n′Y
′ − Y¯ ) , É-;Ê
^
_qvp
Æqn@d~|u°pÉHÊÂÁÉscÊ
uÉ ;ÊÂa¬®dÃÆorz}u
∂J(Y ′)
∂Y ′
=
∂Y
∂Y ′
∂J(Y ′)
∂Y
ÉJÊ
= (Enn′ )
T A(Yk + E
n
n′Y
′ − Y¯ ) = 0 .
¨
u/r{_adyx¬®xapcC¬®dÃ_H±drt_dÃ²·Ł}Ł'¬z}uaeuady¬ b+'r{xtz¯Qdc|Cvrtz}u
AcyY
′ = bcy ,
ÉJa~Ê
_adcxtdrt_dÌQyzdcurb+'r{xtz¯
Acy = (E
n
n′)
T AEnn′ ,
ÉJÊ
u°Qr{_adxtz}_Cr0ptz}od±dcrtx
bcy = (E
n
n′)
T A(−Yk + Y¯ ) = (Enn′)T (b−AYk) .
ÉJ.5Ê
Sdyu ptŁ}±d"r{_adW²·Ł}Ł}'¬zua¿zrtdcx{rtz}u ur{_adCxpsd/Ł}dy±dyŁ²·x@xtx{dcrtz}uÆCn;zuzµr{z}Łz}¸yz}ua
Y ′0 = 0

Y ′j+1 = Y ′j − ρ(AcyY ′j − bcy) , ÉJCÊ
rt_dyuL¬®d«cuWvaIa'r{d«Æqn
Y K + Enn′Y
′
uWr{_ad :udŁ}dy±dcŁJ¾
¨
rtdcx{rtz}upuWrt_d :uad«Łdc±dcŁ®ÉscÊhu
xtx{dcrtz}upÈu"r{_adx{ptdŁdc±dyŁSÉ5'Ê
ybeaŁ}dr{dÃ«r¬®³´Łdc±dcŁIyx{xtd~Âr{zuo³Jrnq3dhzªodcŁÁŁ}xtzrt_b ²·x
rt_d+uauaŁ}z}uadcxboodcŁSax{ÆaŁ}dyb/¾ h'¬Èdc±dyxÃzrr{.=dcpÃb+uCnzµr{dyx'rtz}u°p+É·_qvauox{dcpÃ²·xÃr{_az}pboodcŁ
ax{ÆaŁ}dybQÊ­rt«_az}dy±dbeaŁ}dr{dyuq±dcxtdyuyd¾Á^«pt°dcdc@va+rt_dx'r{d0²Áyuq±dcxtdyuyd¬®dcu+vptd
(*)U+(-,
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_pr{_ax{dyd+pr{dyp²·x
dc_"ynoŁ}d 
Y j1 = Y j0 − τ1(AY j0 − b) ,
Y j2 = Y j1 − τ2(AY j1 − b) ,
Y j3 = Y j2 − τ3(AY j2 − b) ,
¬_adcxtd
τi
É
i = 1, 2, 3
ÊÈx{dÃz}±dyu"Æqn 
1
τi
=
b + a
2
+
b− a
2
ri
ÉJ»Ê
¬_adcxtd
[a, b]
zªprt_d«rx{dyrsrtd~Lz}uCrtdyx{±'Ł8z}ur{_adedyz}dyuq±'Ł}vad
λ
²
A
u
ri = 0,±
√
3/2
@x{qrÃ²
rt_dQ^_adcÆqnq_dy±W3Ł}nCubez}Ł8²®adyx{dyd 5a¾ S _adcu¬ÈdeyuptŁ}±deCxpsdextx{dcrtz}upd¯artŁ}nWu
rt_d«CxpsdÃŁ}dy±dyŁ5¬®dyu/yb«Æazudrt_ad^_dyÆqno_ady±Qzrtdcx{rtz}up«ÉJ»Ê
¬zrt_yxptdÃyx{xtd~Âr{zup
u
rt_dx{ptdŁdc±dyŁGz}u"rt_adÃb+'r{xtz¯Q²·xtb ¹ H½#
Gy = Gh(I −Enn′((Enn′ )T AEnn′)−1(Enn′)T A)Gh ,
ÉJÊ
¬_adcxtd
Gh = (I − τ3A)(I − τ2A)(I − τ1A) ¾ ¨ u@rt_adcx
¬Èx{apcrt_adÃbŁdyrtdÃnoŁ}dz}u>rt_ad²·x{b\²
b+'r{xtz¯
G
z}p
z±dyu"ÆCn
Y j+1g = GyY
j
g + bgy ,
ÉJCÊ
_adcxtd
bgy = Gh(bh −Enn′((Enn′ )T AEnn′)−1(Enn′)T (Abh − b)) + bh ,
ÉJÊ
u°
bh = ((I − τ3A)(I − τ2A)τ1 + (I − τ3A)τ2 + τ3I)b , ÉJ.;Ê
uartd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Z ′
bdyrt_aozªpÃrtWx{dy±dyxpsd«rt_ad+°z}xtz}ua/Æ°dyr¬Èdcdyudyz}dcuC±'Łvad~pudczdyuq±d~Ârtx{p
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yxptd³´Łdc±dyŁIxtx{dcrtz}u
É5~Ê
Ô®n@iLrtx{zµ¯ ®Ł}yvaŁ}vpyo¬®dP=qua'¬ r{_'r
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minJ = J (y(t)) = p
α
A ,
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z}u"¬_z}_
x(t)
z}p
z±dyuÀaptbeCrt_Wu°@beurtuad³´z}ux{dcpsz}ua
p =
∫ 1
0
√
x′(t)2 + y′(t)2ω(t) dt , A =
∫ 1
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x′(t)y(t)ω(t) dt ,
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dyŁ}dy±''r{dhr{_adyz}x
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Y method
Z method
L method
Ëzvax{d»  Èbextz}uart_adx{dcptvaŁr{p²·x
Y ′

Z ′
u
L′
bedr{_aoap²·x8r{_ad
uauaŁ}z}uadcxbeoodcŁaax{ÆaŁ}dyb/¾
ËzxpsrcG¬®d«dcbŁ'n¿H»+zrtdyx'r{zupuLr{_ad:uadŁdc±dcŁ
É
n = 8
ÊÂÀu°ptŁ}±dzrbŁdyrtdyŁ}nWuCxpsd
Ł}dy±dcŁ²·xÃÆ°rt_
Y ′
u
Z ′
bedr{_aoapyÀrt_adcuÇ>Æ=/rt_ad:udŁ}dy±dyŁrt"vaIa'r{d+±'Ł}vadcpc0:uŁŁ}nLo
urt_dyxcQzrtdcx{rtz}upc¾
Y ′
bedr{_aouq±dyx{d~p0ptŁ'¬Ł}n¿É·zrÃpsrtz}ŁŁ­udydcph_qvauaxtd~ap²Szrtdyx'r{zuphrt
²·vaŁ}Łn"uC±dyx{dHÊÂq¬_az}Łd
Z ′
u
L′
bdyrt_aoap
drr{_adyz}x
²·vaŁ}Łuq±dyx{dcudh²·x
r{_az}phyptd¾
odcx{dydcp®Æqn+r{_adb+'rtx{z¯
E84

X0 ←− E84X0, and Y0 ←− E84Y0 .
ÉÛ ;Ê
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^ÆaŁde  ¨ uzµr{z}Ł  SŁ}vadcp
X0
  a¾ C ¾ C.; ¾ 
Y 0
 a¾ a a¾ a ¾  
S _adcu©¬Èd>uŁnq¸yd@vax«uCvbdcxtzªyŁSd¯o3dyx{zbedcurpy8¬®d@od
:uadBsdyx{x{x  «pr{_ad>oz4@Idyx{dyuydQÆ°dyr¬Èdcdyu
rt_daax{H¯qz}b+'r{zu J (Y ) Æar{z}uad~+ÆqneazA@Idyx{dyuCr
bdyrt_aoap
yuydyx{uadcez}u@vaxÈ¬®x2=euer{_adrtx{vad
ptŁ}vortz}u J = 2pi ¾
Ëaxvax :°x{psr0uqvabedyx{z}cŁGd¯o3dyx{zbedcurpyu"rt_adyx{ptdÃŁdc±dyŁ5a¬®dÃdybeaŁ}'n~»«zrtdcx{rtz}up
u>r{_ad
:uadÃŁ}dy±dyŁ5qu@ptŁ}±dzµr0ybeaŁ}drtdcŁn+u>yxptdhŁ}dy±dcŁ²·x
Æ°rt_
Y ′
u
Z ′
bedyrt_aoapcqrt_adcu>Æ=
rt_d :°uad
Łdc±dyŁCr{v3artd
±'Ł}vadcpc:u°Ł}Łnouar{_adyx
chzµr{dyx'r{zupy¾SÇdŁrdcxtx{xpÁ±oprt_d®uqvab«Æ°dcx
²azrtdcx{rtz}upz}uËz°¾»oH²·x{b-zr¬®dÈcuÆpsdcxt±d­rt_°'ryx{ptdSŁ}dy±dcŁyx{xtd~Ârtz}u°pÀb+=dSbv_«psb+Ł}Ł}dyx
x{dcovrtz}u¿z}u¿dyx{xtx{pÃ²
Y ′
bedyrt_aort_°urt_d@r{_adyxr¬ÈWbedr{_aoapc8u¿'² r{dyxx{x{dcÂr{zuprt_°'r
Y ′
bdyrt_aouq±dyx{d~pptŁ}'¬Łn©ÉÛzµrpsrtz}ŁŁuadyd~ap_qvauox{dcpÃ²Èzrtdcx{rtz}upr{"²·vaŁŁ}nÇyuq±dcxtd~ÊG¬_azŁ}d
Z ′
u°
L′
bdyrt_aoap«dyrrt_dyz}x²·vaŁ}Ł®yuq±dcxtdyuyd²·xr{_azªp«cptd¾
¨
u©d(@Idcr«²
Z ′
u
L′
Cxpsd
xtx{dcrtz}up
xtdÃŁ}bepsrp{bed¾
Sdod
:uaduadhr¬È³5Ł}dy±dyŁxtod~ptpÈpﬀ:°x{psrÈdcbŁ'n
35
zµr{dyx'rtz}u°pSuQrt_adﬂ:uadŁdc±dcŁJrt_adcu>o
5
zrtdyx'r{zupu>r{_ad«yx{ptdÃŁdc±dyŁu/vaIartd±'Ł}vad~p0u"r{_adP:uad«Łdc±dcŁJ¾
ρ
 p0z}u/rt_ad~psdzµr{dyx'rtz}u°p
u
Æ3rt_Ł}dy±dyŁªpx{d«r=dyu¿pÃb«vaŁµr{zŁzªyrtz}±d+z}uC±dyxpsd~p²
be¯ozb«vab dyz}dcuq±HŁvdcpÃ²®rt_dcptd+zµr{dyx'rtz}u
b+'r{xtzªd~py¾
¨
u/vaxptdcyu>d¯o3dyx{zbedyuCr~a¬ÈdÃx{dy3dcr®r{_adÃr¬®³´Łdc±dyŁIax{od~ptpÈrt_xtdcdr{zbed~p0u"'rr{_ad
dyu°²°zr­aÃuar{_adyx
60
zµr{dyx'r{zupu«rt_ad1:uad
Ł}dy±dyŁ5¾SdaŁr­dyx{xtx{pÁ±qpr{_ad
uqvabÆ3dyx8²3zµr{dyx'r{zup
z}uËz}¾Qo¾ SÇdQcupsdcd«r{_'r²·xCxpsdextx{dcrtz}up²
Y ′
bedyrt_aooqdcpÃuart_az}uaWCoGÁ¬_azŁ}d
Cxpsdextx{dcrtz}up²
Z ′
u
L′
bedrt_qpo/d¯adcŁŁ}dyuCrÆpy¾QÄ®rr{_ad :xprÆ3dyzuuazuÁzrb+Hn
°d~x0z}uuCrtxozªÂr{zu>¬zrt_Wr{_adŁ}zudcxbeqadyŁÁxtÆaŁdcb&ptzu°ddcxtx{xp
Æorz}uadc/Æqn
L′
bdyrt_ao
x{dÃpsb+Ł}Ł}dyxÈrt_u@r{_aptdÆor{zudcQÆqn
Y ′
bdyrt_ao@²·x®rt_z}p
uauaŁ}zuad~x
beoodyŁIax{ÆaŁ}dyb/¾­f0rtdrt_°'r
²·xSrt_ad0Ł}z}uadcxypsd¬®d0yu+uaŁ}nÆor{zurt_d0d¯arÆaz}uebertx{zµ¯
AJ ′
u
Q0
²·x
Z ′
bedr{_aoG
¬_azª_/z}phuarr{_adypsd²·x0uauŁz}uadcxuad~py¾®^
_qvpzrhz}p0ua+¬Èuodcx
rt_rhxtd~psvŁµrpÆorz}uadc"ÆqnQr{_ad
L′
bedyrt_ao"z}prt_adÆ3dcpsrhbeuŁŁÁyuptzªodyx{dc@bdyrt_aoap²·xuauaŁz}uad~x
beqadyŁÀax{ÆŁdcbepc¾
Ëax{b rt_ad+Łªpsrd¯o°dcxtz}bedyuCrc¬Èd+cu¿psdcdrt_rzµrr=d~prtq/b+uqnLzrtdyx'r{zuprtW_azdc±d²·vaŁ}Ł
uq±dyx{dcud¾©^Á¿pt°dcdc;va;rt_ad/x'rtd"²ÃuC±dyx{dcud­¬Èd"vptd/^_adcÆCno_adc±zµr{dyx'rtz}u°p«u r{_ad
:uadŁ}dy±dcŁ®É
n = 8
Ê0zuÇvaxrt_zxLdy¯q3dyx{z}bdcuCrc¾ËzxprÃ¬®ddybeaŁ}'n
5
zrtdcx{rtz}up«É
ρ
 pÃx{d«_ptdyup
bvŁµr{zaŁ}zªy'r{z±dzuq±dyxpsd~p
²8be¯ozb«vab&dczdyuq±'Ł}vadcp
²8CyÆazªu"b+'r{xtzªd~p{Ê®u9:°uadŁ}dy±dcŁÉÛptert_°'r
ptŁ}vortz}upx{d
yŁCpsd
r{d¯aÂrSudcp8z}uQpsbd0ptdyu°psd¬_azª_+b+=d~p­psvxtd
r{_'rÈ^_adcÆCno_adc±zrtdyx'r{zup
uq±dyx{d"8psz}ud+z}uazrtzªŁS±'Łvad~px{de±dcxtnLÆ°ÊÁr{_adyu¬®dQyudcbŁ'n
6
^_adcÆCno_adc±Lzrtdyx'r{zup
É  Ë­Ê®uQr{_ad*:uadÃŁ}dy±dyŁ5qu"psŁ±d0rt_dyb u>yxptdhŁ}dy±dcŁSÉ
n′ = 4
Ê Bdy¯aÂr{Łn  $:uŁŁ}n+Æ=er{
rt_d :uad«Łdc±dcŁuWo>uar{_adyx
6
^_adyÆqno_ady±"zrtdyx'r{zupc¾ SÇd«avorÃdyx{xtx{pyx{xtd~ps3u°ozuertQr{_ad
uqvabÆ3dyxh²8zµr{dyx'rtz}u°p
zuWËz°¾®C¾
¨
r0z}pÆq±Cz}v°pr{_'r
Z ′
u
L′
bedr{_aoap0yuq±dcxtdb«v_"²Ûpsrtdyx~
¬_az}Łdyx{xtd~Âr{zu>xtx{dcrtz}upÈ²
Y ′
bedyrt_ao/oqdcptu  r0be.=duqnQoz4@Idyx{dyuyd¾
Ëax{b&¬_'r0¬®dÆor{zu"rtz}Ł}ŁÁua'¬azrhzªp0ÆC±qz}vp®r{_'rx{ptdxtx{dcrtz}up®²
Y ′
bedr{_ao/z}pvor
²rt_dbe3dr{zµr{zuÀ¾
¨
u/vax
²·vaxtrt_"d¯o°dcxtz}bedyuCrc¬Èddy¯Cr{dyu
Z ′
u
L′
bedrt_qp
rtrt_xtdcdŁdc±dyŁªp
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Y method
Z method
L method
Ëzvax{d®Sd
ad(:uad
uadr¬®³´Ł}dy±dcŁxtod~ptppﬀ :°x{psrdcbeaŁ'n
35
zrtdcx{rtz}upurt_ad1:ud®Ł}dy±dyŁ5'rt_dyu
o
5
zµr{dyx'r{zupSuert_adx{ptdŁ}dy±dcŁ3uevaIa'r{dh±'Ł}vad~puert_ad :uadhŁ}dy±dyŁ5¾
ρ
 pSz}u+rt_ad~psdzµr{dyx'r{zup
ueÆ3r{_+Łdc±dyŁªpSxtd
r=dcu+p­b«vaŁµr{zŁzªyrtz}±dz}uC±dyxpsd~p8²Gb+'¯oz}bvab dyz}dyuq±'Ł}vad~p­²3rt_ad~psdhzµr{dyx'rtz}u
b+'r{xtzªd~py¾
¨
uWrt_azªpuqvabedyx{z}cŁÁdy¯o°dcxtz}dyuydI¬®dx{dy3dc'rrt_adr¬È³5Ł}dy±dyŁaxtoydcp{prt_xtdcdrtz}bedcpu'r
rt_ddyu°W²Szro>uart_adcx
60
zrtdcx{rtz}uphu/r{_ad :udŁ}dy±dcŁJ¾Ä0u/r{_adŁrpt_a'¬0p0dcxtx{xpprxtrtz}ua
90
rt_>rt
180
rt_>zµr{dyx'r{zuÀ¾
É :°uadWŁdc±dcŁ
n = 8
®zuCr{dyx{bd~ozª'rtd"Ł}dy±dcŁ
n′ = 4
®uCxpsd"Ł}dy±dcŁ
n′′ = 2
Ê²·xer{_ad/uauŁz}uadcx
beoodyŁaxtÆaŁ}dyb/¾®Ëxpsz}uaŁ}dx{bdyrtdcxtz}¸crtz}uÀo¬®dvpsroz}xtd~Âr{Łn"dybeaŁ}'nQr¬®Q_qvauox{dc/^_adyÆqnC³
_adc±©zµr{dyx'r{zupWÉ  Ë8Ê+u;rt_ad :°uadWŁdc±dcŁ
n = 8
² rtdyx+¬®dWvptdN:±dWzrtdcx{rtz}up/É
ρ
 p@x{d/_ptdyu
pÃb«vaŁrtz}aŁzªyrtz}±d+z}uq±dyxptdcpÃ²
b+'¯oz}bvab dyz}dyuq±'Ł}vad~pÃ²Æz}ub+'r{xtzªd~p{ÊÃpt"rt_rÆorz}uadc
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L method
Ëzvax{d%-^Á>ps3dyd~/vaWrt_dx'rtd²SuC±dyx{dcuda¬Èdvpsd«^_adcÆqnq_dy±"zµr{dyx'rtz}u°pÉ  Ë8Êhu/r{_ad
:uad@Łdc±dyŁÉ
n = 8
ÊÂ¾WËzxpsr¬ÈdQdcbeaŁ'n
5
zrtdyx'r{zupQÉ
ρ
 px{dQ_aCpsdcupbvŁµr{zaŁ}zªy'r{z±dQz}uC±dyxpsd~p
²®b+'¯ozb«vab dyz}dcuq±HŁvdcp²®CyÆazªubertx{z}ydcpÊ0u :udŁ}dy±dyŁÉÛpt>rt_rptŁ}vor{zupÃx{dyŁCpsdrt
d¯aÂr8uad~pz}uepsbd
ptdyuptd'¬_azª_be.=d~pptvax{dr{_'rS^_adyÆqno_ady±Ãzrtdcx{rtz}up8uq±dyx{d'psz}ud®z}uazµr{z}Ł
±'Ł}vadcpxtde±dyx{nLÆ°ÊÂÀr{_adyu¬®d+yudcbŁ'n
6
^_adyÆqno_adc±Lzµr{dyx'r{zupeÉ  hË­ÊÃurt_ad :ud+Łdc±dyŁ5
u°ÇptŁ}±drt_adcbkuCxpsd«Łdc±dcŁ
É
n′ = 4
Ê Bdy¯oÂr{Łn  ' :u°Ł}ŁnL>Æ°=/rt"r{_ad:uadeŁdc±dcŁSuÇo
urt_dyx
6
^_dyÆqno_ady±+zrtdcx{rtz}upc¾
axtH¯oz}b+'rtz}u°px{dQŁ}ptdertLdy¯oÂruadcpzu©ptbed@ptdyuptdQu°zµrbe.=d~ppsvxtder{_'r«^_adcÆCno_adc±
zrtdyx'r{zup
uC±dyx{dÉ·uartdÃrt_°'rzuzµr{z}ŁÀ±'Ł}vadcpxtd±dcxtn+ÆÊÂ¾SËx
r{_adptbdÃx{dcpsuÀq¬ÈdÃuadcdc@rt
o :°±d
ρ
zµr{dyx'r{zupyrt_adcuptzµ¯L^_adyÆqno_ady±>zµr{dyx'r{zupÉ  hË­ÊuLrt_ad :uadŁ}dy±dyŁ
n = 8
u°"r¬È
ρ
(*)U+(-,
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For the method of Z
 
 
Control Poly
Bezier
Ëzvax{d SdaŁ}r®rt_adyuCrtx{Ł33Ł}nCu"u"Ô
¸yz}dyx®ax{:Ł}d²·x
bedr{_aoap1H u F¾aËax{b\zrc¬Èd
yu@d~ptzŁ}nQpsdcdhr{_'r®rt_dÃyuCrtx{Ł33Ł}nCu>Æorz}uadc@ÆCner{_ad F/bedr{_ao@zªp®bex{dCptyzŁ}Ł}rtxtnÆavar
zr
Æar{z}upptb+Ł}ŁdcxÆod~Âr
²·vaurtz}u/±'Ł}vadcpu/uq±dyx{dcpS²Ûpsrtdcxc¾
zrtdyx'r{zup
u/z}uCrtdyx{bedcozª'r{dÃŁdc±dyŁ
n = 4
ptŁ}±dr{_adyb&u"rt_adyx{ptdÃŁdc±dyŁ
n = 2
Bdy¯oÂr{Łn  'a² rtdcx
vaIa'r{dcQrt_adÃxtx{dcrtz}uLÉÛp{H¬rtqr{_>Łx{zµr{_abQÊÂCÆ°=«rt&:uadhŁ}dy±dyŁIoeuart_adcxS²·vx®^_adyÆqnC³
_adc±+zµr{dyx'rtz}u°pÉ  hË­ÊÂ¾ Ipsr®¬®dÃor{dyu/psdyr{p®²r¬È^_dyÆqno_ady±ezrtdyx'r{zup®u@rt_ad :uadŁ}dy±dcŁGu
z}ur{dyx{bedcozª'r{dŁdc±dyŁÁxtd~ps3dcrtz}±dyŁ}n°u/ptŁ}±dxtx{dcrtz}up
ybeaŁ}drtdcŁn>u"rt_dCxpsdÃŁ}dy±dcŁJ¾®Ëz°¾1;
pt_a'¬0p
dyx{xtx{p
z}upsr
rt_aduqvab«Æ°dcx0²8zrtdyx'r{zupc¾Ëax{b rt_adx{dcptvaŁr{pca¬®dyu/ptdydÃrt_°'r
Z ′
u°
L′
bedr{_aoap0x{dd¯adcŁŁ}dyuCr0¬
HnqpÈ²·x0x{ptdyx{xtd~Âr{zupy¾
Äaozrtz}u°Ł}Łno¬ÈdÃ_H±db+adÃrt_adÃ²·ŁŁ}'¬zu«z}uCrtdyx{dcpsrtz}uaeÆ°psdcxt±''r{zupﬀ
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¾ ¨ u/rt_adr¬®³´Ł}dy±dcŁGz}adcŁŁ}xtzrt_ab+pca¬_adcu/rt_adP:°uadŁ}dy±dcŁ
n = 8
rt_adxtd~psvaŁr{phx{dÆ°dyrsrtdcxh²·x
rt_ad@yx{ptd«Ł}dy±dyŁ
n′ = 4
r{_u
n′ = 2
z²
¬®dQoWr{_ad@p{bed+uqvabÆ3dyx²zµr{dyx'r{zupÃur{_ad
:uadeŁdc±dcŁSupsŁ±d*Bsd¯aÂrtŁ}n  ur{_ad+CxpsdŁdc±dcŁJ¾eÄhp²Ûxprt_deypsr²È°dcx{rtz}upzªp
u°dyx{uad~Gort_dypsd
n′ = 2
vpsd~pŁ}dcp{p3dyx'r{zup
u/r{_adCxpsdÃŁ}dy±dyŁGr{_u
n′ = 4
¾®^
_Cv°p
rt_adcxtdÃzªp
uarhu>ÆC±qz}vp®¬z}uauadcx²·x
r{_az}p0uauaŁ}z}uadcx®xtÆaŁdcb/¾
a¾ ¨ urt_ad
Z ′
x
L′
r{_ax{dyd³´Ł}dy±dcŁSzªodcŁÈŁ}xtzrt_b"¬_adcu¿rt_ad :uadQŁ}dy±dyŁ
n = 8
z}uCrtdcxtbedcaz}rtd
Łdc±dyŁ
n′ = 4
u@yxptdhŁ}dy±dcŁ
n′′ = 2
C¬_dyu@¬®dÃŁ}xtd~onevptdhr{x{ups²·x{bertz}uQb+rtx{z}ydcp
Q0
x
∆
z}uLr{_adzuCrtdcxtbed~oz}rtdŁdc±dcŁÁr{@beoozµ²·n/r{_adz}xtz}ua>²dczdyuq±'Ł}vadcpudyz}dyuq±dcÂr{xpy
u/z}uWrt_d«CxpsdŁ}dy±dyŁ®ÉÛxtx{dcrtz}up²·x0r{_adz}uCrtdcxtbedcaz}rtdyx{xtd~Ârtz}u°p{Ê¬®doQuaruadcdc
rtedybeaŁ}'n+rtxu°p²·xtb+'r{zu@b+'r{xtzªd~p
Q0
x
∆
u"rt_adyxptdhŁ}dy±dcŁJ¾
5¾u¿rt_ad/Æ3rtrtb ² V noyŁdS¬_adyu rt_ad/Cxpsd~prŁdc±dcŁ n′ ²·xr¬®ÇŁ}dy±dyŁ
zªodcŁ®Łx{zµr{_ab
x
n′′ = 2
²·xr{_adQr{_ax{dyd+Ł}dy±dcŁJ¬®d@yuŁ}ptWvptd@f0dc¬
rtuzrtdcx{rtz}uprtptŁ}±de²·xCxpsd
x{x{dcÂr{zupÈzupsrtd~>²­psŁ±qz}ua«rt_adcb Bsd¯artŁ}n  '¾
°¾ ¨ u+rt_ad
Z ′
bedr{_aoGq¬Èdhcu@Ł}ptvptdr{_adCyÆazªueb+'r{xtz¯e²Àz}uQvax®Ł}zuad~xÈboodcŁ°xtÆaŁdcb
rt/beavartdeb+'rtx{z¯
Q0
¾
¨
uÇ²ÛÂr~À¬®d«²·vaurt_rzµrdc±dyuuC±dyx{d~p²Ûpsrtdcx¬_adyu¬®d«vptd
rt_adCyÆazªuQb+rtx{zµ¯@²r{_adŁ}zuad~xbeoodyŁGxtÆaŁdcb\rtQybeavor{db+'rtx{z¯
Q0
¾
  
ﬀ
L
¨
rz}pÃ¬®dyŁ}ŁJ=qua'¬uLr{_'rÃrt_dyx{dxtd«r¬È"b+'xb«vaŁµr{zxtzªÇbdyrt_aoap¹}ÀH½­r{WodcŁ¬zrt_uauaŁz}uad~x
ax{ÆaŁ}dyb+pﬀLf0dc¬
rtua³5b«vaŁµr{zxtzªu ËavŁŁÄ0aax{H¯ozb+rtz}u lo_adybed©ÉJËoÄlaÊ¾È^
_adLŁx{zµr{_ab+pe¬Èd
vptdczupsd~Ârtz}u 5Q²·xhr{_adeuauŁz}uadcxbeoodcŁxtÆaŁdcb x{d«fhdy¬
rtu  pbedyrt_aoapcGzuÇrt_z}pxsr~G¬Èd
ozªptyvp{p®rt_adax{Æ°Æaz}Łzrn+²­aŁnqz}ua+ËoÄl@²·x
r{_aduauaŁz}uad~x
beqadyŁÀax{ÆŁdcb"¾
Èu°pszªodyx{z}ua+rt_d«xtz}z}uŁ±dcx{ptuW²Sr¬®@Ł}dy±dcŁŁx{zµr{_abﬂ²ÈËoÄl/²·xptŁ}±qzua@rt_aduauaŁz}uad~x
ax{ÆaŁ}dyb
A(Y ) = f

¾uWr{_ad :ud«Ł}dy±dyŁ
n
3x{dyŁª'¯"rt_d«uauaŁ}zuad~xaxtÆaŁ}dyb
AY j = f
Æqn/z}uazµr{z}Łz}¸yz}ua
Y 0
IuWvptd
Y K
p®rt_ad±'Ł}vad~p
u>rt_ad*:udŁdc±dyŁÀ² rtdcxxtdcŁ}¯ortz}up
a¾u>rt_adyxptdhŁ}dy±dcŁÁxtx{dcrtz}uÀC¬®duadyd~Qr{QpsŁ±dhr{_adÃ²·Ł}Ł'¬z}uaxtd~pszªovŁGdc|Cvrtz}u
A′(Y ′) = A′(Rn
′
n Y ) + R
n′
n (f −A(Y K)) ,
É5Ê
uar{d0_adyx{d
Y ′e
zªpSuar®u@dyx{xtxcÆvor®«x{ptd³´Ł}dy±dcŁaaxtH¯oz}bertz}uÀrt_rÈzªpSr{_adhx{dcpsu_'¬
rt_adu°bed²r{_azªpŁx{zµr{_ab&ËoÄlWbd~p
²·x{b/
A′
psr{uap0²·x0r{_aduuaŁ}zudcxh3dyx'rtxu
rt_adhyx{ptd
Łdc±dyŁ
n′
u°
Rn
′
n
z}pvpsd~e_adyx{d0p­rt_ad0x{dcpsrtx{zªÂrtz}ue°dcx{rtx­¬_z}_+ax{d~Ârp8²·xtb
rt_ad*:udŁ}dy±dyŁ
n
rtrt_dx{ptdŁdc±dyŁ
n′

5¾0Ô®=+rtQrt_adP:°uadŁ}dy±dcŁ
n
°va3'rtdrt_ad±'Łvad~p
Y K
Æqn
Y K + Enn′(Y
′ − Rn′n Y K)
°_dyx{d
Enn′
z}p®r{_adodyxtdcddcŁdc±''rtz}u/°dcx{rtx~¾
(*)U+(-,
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ËaxÁr{_ad®uauaŁ}z}uadcxÁbeoodyŁqax{ÆaŁ}dyb-vptz}uaÔ®wy¸czdcx°xbedr{dyx{z¸~'rtz}u°pyc¬Èd
yuvptdÈodcx{dyddcŁdc±''rtz}u
b+'r{xtz¯
Enn′
p­rt_ad0xtŁuartz}u3dyx'rtxSz}uert_adhËoÄl+Ł}xtzrt_b"_a'¬Èdc±dcxcp8²Ûx®p­x{dcpsrtx{zªÂrtz}u
3dyx'r{x
Rn
′
n
z}phu°dyx{uad~Gozµr0zªpz}be°CptptzÆŁdÃr{dr Bsd¯arEDuad¾È^
_adÃuaŁ}n@_a°dzªp®rt+Æor{zuW
qo+axtH¯oz}b+'rtz}u²·xSrt_dhx{dcpsrtx{z}rtz}u+3dyx'r{x~¾SdcuQŁªptavorÈrt_azªpÈ|Cvad~pr{zuQz}ur{urt_dyx
¬
HnCrt_r0z}prt_addr0±dcrtx
Y ′
u°@zrhptrtzªpE:°dcp
Enn′Y
′ = Y ,
É5o~Ê
¬_adcxtd
n > n′
a²·xd¯abeaŁ}d
n = 8
u
n′ = 4
°pser{_addyŁ}dy±''r{zu/bertx{zµ¯
Enn′
zªp0eb+'r{xtz¯>¬zrt_
(n + 1)
x{'¬-u
(n′ + 1)
Ł}vabeuÀ¾ ¨ rhzªp0d~ptnQrtQrt_adÆor{zuWx{dcpsrtx{zªz}u"3dyx'rtxhp{'rtzªps²·nCz}uaer{_ad
²·Ł}Ł}'¬zua
Rn
′
n E
n
n′ = In′,n′ , or R
n′
n E
n
n′Y
′ = Y′ ,
É5Ê
Æavor0zr0zªpzbe3p{psz}ÆaŁ}drteÆorz}u
Enn′R
n′
n = In,n , or E
n
n′R
n′
n Y = Y ,
É55Ê
¬_azª_Qzªpbex{d0x{dyŁª'r{dc+¬zrt_@yx{ptdŁdc±dcŁ3yx{xtd~Ârtz}u°p­²ÁËoÄlQu°rtz}ŁŁIua'¬ _a'¬r{Æar{z}u@±dyx{n
qo"aax{H¯ozb+rtz}u+²·x0zµr0zªppsrtz}ŁŁÁu>°dcuW|vdcpsrtz}uÀ¾
¨
rzªpÈ|Cvazrtdhu'r{vax{Ła²·xvpSrtvptd0r{_ad0¬®dyŁ}Ł3ady±dcŁ°d~ IÀd~psrÈlo|Cvx{dÉIlaÊ8r{axtH¯oz}b+'rtd
r{_ad
±'Ł}vadcp®²·x
Y ′
min
Y ′
‖Enn′Y ′ − Y ‖ ,
É5'CÊ
rt_°'rÈzªprt«p{Hn«rt_rrt_dhx{dcpsrtx{z}rtz}u+3dyx'r{xSzªp®od(:udc@pIlI¾C^
_z}p®axtC_enqzdcŁ}ap®|Cvazrtdhqq
axtH¯oz}b+'rtz}u°pS²·x
Y ′
u@r{_adCxpsdŁdc±dcŁJ¾
¨
u¹ ;½¹~H½´aeuady¬ xtd~pr{xtzªÂr{zu>°dcx{rtx®zªp0ody±dyŁ}3dc 
Y ′ = (Bn′)
−1Bn′,nY ,
É5»Ê
¬_adcxtdrt_dzuq±dcxsr{zÆŁdp{|v°x{db+'r{xtz¯@zªp
z}±dcu>Æqn
Bn′ =


B0n′(t0) B
1
n′(t0) B
2
n′(t0) · · · Bn
′
n′ (t0)
B0n′(t1) B
1
n′(t1) B
2
n′(t1)
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
Bn
′
−2
n′ (tn′−1) B
n′−1
n′ (tn′−1) B
n′
n′ (tn′−1)
· · · Bn′−2n′ (tn′) Bn
′
−1
n′ (tn′) B
n′
n′ (tn′)


(n′+1)×(n′+1)
,
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u°Qr{_adxtd~ÂruavaŁ}x
bertx{zµ¯
Bn′,n =


B0n(t0) B
1
n(t0) B
2
n(t0) · · · Bnn′(t0)
B0n(t1) B
1
n(t1) B
2
n(t1)
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
¾
Bn−2n (tn′−1) B
n−1
n (tn′−1) B
n
n(tn′−1)
· · · Bn−2n (tn′) Bn−1n (tn′) Bnn(tn′)


(n′+1)×(n+1)
,
ptert_adx{dcpsrtx{z}rtz}u"3dyx'r{xzªp0od(:°uadcWp
Rn
′
n = (Bn′)
−1Bn′,n
¾È^
_azªpbedr{_ao/be.=d~ppsvax{dÃrt_°'r
Y ′(ti) = Y (ti)
²·x0uCn@xtrtzrtz}u/psdyr {ti}i=0,1,··· ,n′ ¾
Ô®r{_Laax{_adcp®²·x0r{_ad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